SCATTERING OF ELECTROMAGNETIC WAVES 19

Scattering of Electromagnetic Waves by Turbulent, Weakly Ionized Plasmas *

W. KroLL
Institut fiir Theoretische Physik der Ruhr-Universitit Bochum
(Z. Naturforsch. 23 a, 19—25 [1968] ; received 9 July 1967)

The scattering of a plane, monochromatic electromagnetic wave by the fluctuations of the
dielectric constant of a turbulent weakly, ionized plasma is investigated on the basis of the statis-
tical theory of locally isotropic tubulence. The effects of collisions on the fluctuating dielectric
constant of the electrons are taken into account. The spectral density determining the scattering
cross section is related to the structure functions of the fluctuations of the electron concentration
and the temperature. These structure functions are calculated from the transport equations with
the use of methods developed in the statistical theory of strong turbulence.

The scattering of electromagnetic waves by the
fluctuating dielectric constant of a plasma is of
special importance in astrophysics, radioastronomy
and in the diagnostics of laboratory plasmas.
Scattering cross sections have been quantitatively
calculated under two basic assumptions: 1) the
plasma satisfies certain equilibrium conditions
(meta-equilibrium); 2) the correlation of the fluc-
tuations is due to the electrostatic interaction of the
plasma particles and weak.

For turbulent plasmas the above conditions con-
cerning the plasma state and the cause and strength
of correlations are not valid. The scattering prop-
erties of such plasmas have been investigated by
some more or less heuristic theories developed
especially with respect to the scattering of radio
waves by the lower layers of the ionospherel,2. But
there are also attempts to treat the scattering of
electromagnetic waves by turbulent plasmas on the
basis of a statistical theory of turbulence3. These
investigations consider the turbulent plasma as an
incompressible fluid and calculate the scattering
due to fluctuations of the electron density. They
do not account for the effects of particle collisions
on the fluctuating dielectric constant.

In this contribution we will use the statistical
theory of locally isotropic turbulence developed by
Kormocorov, OBoukHOV and YAGcLoM to deter-
mine the scattering cross section of a weakly ionzed,
collision dominated plasma with temperature and
density fluctuations. We consider strong turbulence
in the sense of classical hydrodynamics.

*Most of this work was performed during a stay at the
Department of Aerospace Engineering Sciences of the
University of Colorado.

1 H. G. Booker and W. E. GorpoN, Proc. Inst. Engrs.
38, 401 [1950].

System

Subject of this investigation is the scattering of
a plane, monochromatic electromagnetic wave

E = Eoei(wt——kr) (l)

by the randomly fluctuating scalar dielectric con-
stant of a turbulent plasma within a volume V. The
plasma is weakly ionized and collision dominated
(seeded atmosphere). We assume that it can be
described within the frame of the first order of the
Chapman-Enskog development (hydrodynamic ap-
proximation). We neglect heat transfer by radiation
and by electron diffusion as well as dissipation of
mechanical energy by viscous forces. The turbulence
is considered to be homogeneous and locally iso-
tropic.

Concept

With the use of Maxwell’s equations the scattering
cross section is expressed by the spectral density of
the fluctuating dielectric constant. Accounting for
the effects of electron-neutral and electron-ion
collisions we relate the fluctuations of the electron
dielectric constant to the fluctuations of the temper-
ature and the electron concentration. The spectral
densities of these fluctuations are calculated from
the transport equations using the statistical theory
of locally isotropic turbulence.

2 F. ViLLars and V. F. WEisskopF, Phys. Rev. 94, 232
[1954].
3 R. A. SILVERMAN, J. Appl. Phys. 27, 699 [1956].
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Analysis
Scattering Cross Section

The cross section gdf2 for the scattering of a
plane, monochromatic wave per unit plasma volume
into the solid angle d{2 around the spatial direction
K’ is defined by

cd2 =" |E'||Eo[2aQ. @)

R is the distance from the scattering volume to the
observation point, which is supposed to be large in
comparison to the dimensions of the scattering
region (R> V13). E’ is the electric field in the
wave scattered in the direction k’. The prime in-
dicates quantities referring to the scattered wave.
The bar means averaging over all realizations of the
corresponding quantity.

We assume that E’ and the electric induction D’
are small in comparison to the corresponding fields
in the incident wave and that the fluctuating part
1 of the dielectric constant is small in comparison
to its average value &.

E’ can then be calculated from Maxwell’s equa-
tions via Fourier analysis in time and space 4.

, —expi(wt— K'R)
F=—""% ®
“K X K x [e1Eoexp(i Kr)dr

Dielectric Constant

with K=k’ — k. The integral in equ. (3) is to be
extended over the whole scattering volume.

If we introduce the angle y between E, and k'
and assume that the scattering causes only a small
change in frequency (k ~ k') equation (3) takes the
form

E — —expi(wt — kR)
- X (4)
Eok?sin y felexp(iKr) dr.

Inserting this expression into equation (2) we find
4
cd@ =" sin2y (5)
([ er(ry) e1(ro) X =" dry dry) dQ.
£1(r1) &1 (r2) is the correlation function C¢ of the
refractive index fluctuations. Since our e-field is

homogeneous C¢ depends only on r;—rs. Intro-
ducing the spectral density

Se(K) = [Ce(r1 — rz) =0 d(ri—r2)  (6)

we finally obtain
gdQ = k4sin2 y S (K) dQ2 (7)
and the evaluation of the scattering cross section
is reduced to the problem of determining the

spectral density of the fluctuations of the dielectric
constant.

We consider here the scattering due to fluctuations of the dielectric constant ¢(®) of the free electrons.
The contribution of the ions to ¢ may be neglected due to the large ion-electron mass ratio. The contri-
bution of the neutrals becomes important only if the degree of ionization is extremely small.

The dielectric constant (© is conveniently written in the form®

@) —1 — g(%)

dnetn_ 1 (8)

m w2 + 2

where g (w/) is a slightly varying function with values close to 1 and the effective collision frequency »

is defined by

S o2 [ iR
F=0tn=gy5 (1r) [ Dol)+m()]vie ™R do. ©)
0

o and »; designate the effective frequencies of electron-neutral and electron-ion collisions resp. Neglecting
the influence of the Ramsauer effect on »o and evaluating »; with Rutherford’s formula for the electron-

ion collision cross section one obtains?®

vo=83 - 10°702)/ T'no,

4 L. D. Laxpav and E. M. Lirsurrz, Electrodynamics of

Continuous Media Pergamon Press, New York 1960.

5.5 22OT>

;’i == "T;‘J/Z* N+ In ( ";+1/3" (10)

5 V. L. GiNzBURG, Propagation of Electromagnetic Waves
in Plasma, North-Holland Publ. 1961.
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Where 7p2 is an effective cross section. We now combine equs. (8) and (10). Introducing the electron
concentration ¢ =n_/n and the ideal gas law we find with the assumptions of quasi-neutrality and weak
ionization

4dmcpe? 1

o) N (<t = !
mKT w2+{8,3.105n9zp

(11)

KT12

550p (2207 )"
KTz n_ 13
Transport Equations

Using the assumptions that the turbulence is homogeneous and that the fluctuations in electron con-
centration, temperature and pressure are small and not correlated with each other we find from equ. (11)

de | \2 Oe 2 de | \2
Se= () s+ (o 5 s+ () 8 v=tamint.

To determine the spectral densities of ¢ and 7' we start from the corresponding transport equations. By
taking appropriate moments of the Boltzmann equation we find up to first order in the Enskog develop-
ment the following balances for particle densities, total momentum and total internal energy®

dv; 0

(12)

o TV (av)+ V- (nqUs)=Ra, 0y = —Z%Epij’ (13, 14)
3 d [»n KT ov; 5
R o (T) zg Sy gy V- Gegrad ) —Agv-(gna U, KT) (15)
with
2
g Uy = —nxgradlnT—%ﬂ’nzDgradca+ ma: D (1 B n;’bﬂ)gradlnp (16)
and ) )
avi avj 2
pij = P Oij — ﬂ(azj + aTl> - (Hb —gﬂ)éuvw, p=nKT. (17,18)

The indices « and f denote the different particle components. We distinguish here only two components:
electrons and neutrals. This is possible, since we assume that the plasmas is weakly ionized and we are not
interested in specific effects of the ions. The ions may be treated on equal grounds with the neutrals.
n is the total particle density and ¢y =mny/n the particle concentration of component «. g is the mass
density of the plasma and v the center of mass velocity. R, denotes the particle production rate, » the
heat conductivity. D, y, u, up are the coefficients of diffusion, thermal diffusion, viscosity and bulk
viscosity resp.

Multiplying equ. (19) with m_ and using the conti-
nuity equation

Fluctuations of the Electron Concentration

Using our assumptions of weak ionization and
small variations in temperature and density,
equs. (13)—(18) may be considerably simplified. For

&+ Vv =0 (20)

we find for the mass concentration y_ of the

the electron component the last term of equ. (16)
vanishes due to weak ionization. Since the thermal
diffusion coefficient y is proportional to the electron
concentration c_ the first term on the right-hand
side of equ. (16) is small of second order and may
therefore also be neglected. Consequently the par-
ticle balance for the electrons simplifies to

fJ—T—l;—}-v- (n_v) —V-\(anradcﬁ) =R_.

o (19)

electrons

b

0 —é/t; +ovgrady. —m_nDAc_=m_R_. (21)

In writing down the diffusion term of equ. (21) we
have again made use of our assumption that the
relative gradients of density and temperature are
small. With the relations

m—c_[mo~y—, 0~ mon (22)

6 J. W. Boxp, K. M. Watsox, and J. A. WELCH, Atomic Theory of Gas Dynamics, Addison Wesley, 1965.
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which hold due to weak ionization, we finally have
dc_[ot + vgradec- — DAc_= R_|n. (23)

Starting from equ. (23) we can use a procedure
developed by YacLom7? to derive the structure
function of the fluctuations of the electron-con-
centration. To do this we have to assume that the
velocity field is approximately solenoidal, so that
we can use the relation

yv=0. (24)

Then we multiply equ. (23) with ¢’ = c_(r3) and add
the corresponding equation with the primed and
unprimed coordinates interchanged. We obtain
%TC =—2 725; vic'c+2DAc’c+2ac’c  (25)
where o = R_/n_is the number of ionizing collisions
per electron and unit time, &; are the components
of the vector r=r; —re and the Laplacian 4 has
to be taken with respect to these components. We
now introduce the correlation functions C.., Cjeo
and the structure functions B,., B, defined by

Cre2 = vi(r1) c2(r2), (26)
Biee= (01— /) (c—¢')2,

Cee = c(r1)c(ra),
Bee = (c(r1) —c(r2))?,

where v; is the velocity component in the direction

We further have

This relation follows from the equality
Bec(r) = 2(Cec(0) — Cec(r)) (29)

for a homogeneous and isotropic random field and
the assumption that the structure function is time-
independent.

From equ. (25) we obtain with the use of (27),
(28) and (29)
1 d 2D d

e Bice(r) — 2

S g dBee(r)
r2 dr

dr ¥ dr
=209 Cec(0) — 40Cec(0).  (30)

— 20 B¢ (r)

This hierarchy equation is closed by the assumption
of constant asymmetry a,

Bice= —ac BccVEI?- (31)

B¢, can then be calculated provided that the
longitudinal structure function Bj; of the velocity
field is known.

By; is determined by the Kormocorov equ.f.

dBy 6 80y (0)
& 5T
which follows from the Navier-Stokes equ. (14).
With the assumption of constant asymmetry

By, —6u (32)

of r. Due to assumption (24) (.2 vanishes8. By = — a;(By;)%2 (33)
Cie2a=0. (27)  one obtains from equ. (32) the relations
1 oCy (0 3/4
Bu=0t172=m—gt—()—7'2, T<701=<%*> 2 (34)
6 oCy (0)\2/3
By = fir¥/3 = (5—az —gt( )) 23, r>rg. (35)
Limiting r to small values such that equ. (34) holds and the conditions
4D|r2 > a, [/a, 0 (a, V&{) = 0(a) (36)
are satisfied, equ. (30) may be simplified to
d2B 1 dB 3 — A
F ] d’,’+<§acl/°tl+0t)3= — o (37)
where the constant A4 is given by A =20C(0)/0t — 4o Cec(0). (38)
With the boundary condition (dB/dr)y_g=0 (39)

7 A. M. YacrLoMm, Dokl. Akad. Nauk SSSR 69, 743 [1949].
German translation in ,,Sammelband zur statistischen
Theorie der Turbulenz*‘, Akademie-Verlag, Berlin 1958.

8 A. M. OBukHOV, Trudy Geofiz. Inst. Akad. Nauk SSSR
24, 3 [1954]. German translation in ,,Sammelband zur
statistischen Theorie der Turbulenz‘‘, Akademie-Verlag,
Berlin 1958.

9 A. N. KoLmocorov, Ber. Akad. Wiss. UdSSR 32, 1, 19
[1941]. German translation in ,,Sammelband zur statisti-
schen Theorie der Turbulenz‘‘, Akademie-Verlag, Berlin
1958.
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we find the solution
A

Bee(r) = — 15p

r2, r<Min[r01,(acV;l

4D )1/2) (40)

In the range of large r values we combine equ. (35) with equ. (30) and transform to the new variable

x =1r2/3, We then obtain

x. (41)

©B@ (5 . 3 a/B .\ 4B@
fdif_(zx"r lx) & T

If the conditions

are satisfied the solution of equ. (41) is
3 ac Vﬁz o

B—V—exp{ 3

(21 acyBi 4 4D )B(x):——g—

D[z% < yac)/Bi,

3 2
|01 My 1/4( acVﬂzx

SIS

ac)/Bifxr> o (42)

3 1 A
) + 02 M3/2 il (8 Qc Vgﬁ) —— a—*l/’*g ) (43)

where M designate Whittaker’s functions. The constants C; and C5 are to be determined by continuity
requirements at the lower limit of the validity range of (43).
Due to the inequalities (42) and the asymptotic expansion

My, ,(Z) = 5, -

2v+ +1)
-1)

the solution (43) is reduced to

1 4
3ach

Bee(r) = —

For « values satisfying the conditions

Dix2 < yac)Bi, ac)Bilr<a, (46)
the solution of equ. (41) is given by
3 A
Beol@) =exp | — izal @ — 5 (47)
where £ is defined by
_]/3 /B ( _L“Q)
& ¢ T — 3 % (48)
and 7 is the solution of the equation
., 1242D
7'+ En+ s =0- (49)

Equ. (49) may be reduced to Whittaker’s equation.
Inserting the solution into (47) we see that in the
range limited by (46) B., may be approximated by

Bee=—A2a, 7>711¢>T0c- (50)

As is easily verified the solutions (45) and (50) are
asymptotic expansions of the function

A 22/3
~ %2 {1 -

T () K ()} 0

where K is the modified Bessel function of the
second kind and the normalization length r; is
defined by

= () o= (3 B

Be(r) =

(52)

eZI2 7-3/2 {14+ 0(Z1)},

=123 = B.r23  r>rop.= Max {rm;(

Z oo (44)

We will therefore use equ. (51) as structure function
of the turbulent fluctuations of the electron con-
centration in the whole range r > ry.. The correla-
tion is related to the structure function by equ. (29).

Temperature Fluctuations

We will now calculate the structure function of
the temperature fluctuations. Neglecting the heat
transfer due to particle diffusion and the heat
production due to dissipation of mechanical energy
by viscous forces we find from equ. (15) with the
use of equs. (13) and (24)

2 4 (53)
+ % an V(xgrad T') — o Z Ry.
Within the frame of our model equ. (53) may be
further simplified to
2

orT 4

W—{—vgradT—fg”h*AT:O. (54)
This equation has the same structure as equ. (23)
without the production term. Therefore we use the
same procedure as in the derivation of equ. (30).

With the boundary conditions

d
Birr(0) = 4 Brr lrm0=10 (85)
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we obtain

4 % dB 2 Crpp(0
. ¥ dBpy 2.0 r7(0)

3 n dr 3 ot

. (56)

This equ. too is closed by assuming constant
asymmetry

Bipr = —ap Brr)/Bu. (57)
Inserting the longitudinal structure functions (34)
resp. (35) we find
oCrr(0
Byp(r)=oapr2= (47:, < TJQ)ﬂ ;
o (58)
Min s (2 )"
T 013 3 nfoar 4
2 oCrr(0)
Bpp(r) = Bpr2/3 = ey
3aTVﬁ[ ot (59)

% 3/4
r>rop = Max Vous (3— 71/1517) } s
Spectral Densites

Knowing the structure functions B¢, and Brr
we can now determine the spectral densities via
the relation

Byy=2 T(l — cos(Kr)) S(K)dK . (60)

-0

This relation follows from equ. (29) with our as-
sumption that the turbulence is homogeneous.
Since inhomogeneities with sizes much smaller
than 79 do not occur, S (K) must rapidly go to zero
for K>2/ro. The exact form of this decrease is
uncertain, since the structure function is not known
in the transition region r ~ro. Therefore S(K) is
usually cut off at 2x/rg. The spectral densities
corresponding to the structure functions (51) and
(59) follow from equ. (60) to be
. A I'(8/3) sin(m/3) 3
Se(K) = — 55 “4zz (14 K2r2)i6
res
— /23 ( )ﬁT K-11/3
These relations are now inserted into equ. (12). The
spectral density of the pressure fluctuations can be
determined from the structure function (35) of the
velocity field via the relation
3
Apz _QZ 8@1 vy

5 Z; X
L= O B

(61)

Sy (K) = (62)

(63)

But the effect of pressure fluctuations on the re-
fractive index fluctuations is negligible in compar-
ison to temperature and electron density fluctu-
ations10. Thus we have from equ. (12)

5. L®B) e—1 2vv; 24 3
*T 4n ( ){ ( ) (62?&2_ )"( I+ K2 64
e—1 5;0—{—3111) s (64)
+Ho ) Pt -1 perne,

Ry = Max{roc; ror},

K < 1/Ry

where all fluctuating quantities are to be represented by their average values. The lower K limit for the

applicability range of (6
local isotropy.

4) is determined by the validity of the assumptions of homogeneity and

The final result for the scattering cross section ¢ is obtained by inserting equ. (64) into equ. (7).

Introducing the scattering angle via

K=2ksing~

we have for 1/Ry> K > 1/rq
cdQ =26-.10"3 {(

7Y

Discussion

(vo +§ Vi)

w2 4+ 2

On the basis of the statistical theory of locally
isotropic turbulence we have rigorously calculated
the scattering cross section of a weakly ionized,

10 V. I. Tararski, Wave Propagation in a Turbulent

2vv;

e—1 2(
R w? + v

- 1] ﬁT} ks <sin »g-)’““ sin? 4 dQ .

(65)

1)2,36

(66)

collision dominated turbulent plasma in the hydro-
dynamic regime. The hypothesis of constant asym-
metry, which closes equs. (30), (32) and (56), has
been supported by experimental findings. The
absolute values a;, a., ap of the asymmetries enter-

Medium, McGraw-Hill, New York 1961.
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ing the characteristics ., fr of the fluctuating
quantities ¢ and 7 in equ. (66) remain undetermined
within the frame of the theory used in this investi-
gation. They have to be fixed either by experiments
or by additional theoretical assumptions. The other
quantities 0 ¢c2/0t, 072/t on which 8, and fr depend,
can be related to the mean square gradients11

0 4 g ooy @ ———
éi’ T2 = — ? h’ (grad T)2 ” %? 62 = — 2D(gradc)2.
(67)

11 A. M. OBukHOV, Izv. Akad. Nauk SSSR, Ser. Geograf.
Geofiz. 13, 58 [1949]. German translation in ,,Sammel-

band zur statistischen Theorie der Turbulenz‘‘, Aka-
demie-Verlag, Berlin 1958.

0v;2/0¢ is by definition equal to (2/3)e, where &
denotes the rate of energy dissipation per unit mass
and unit time. The K and 6 dependence of equ. (66)
is the same as that found by SILVERMAN3, who
determined the scattering cross section by qualita-
tively applying the statistical theory of turbulence
to the electron density. SILvERMAN did not account
for the effect of collisions on the dielectric constant
and neglected the influence of neutral gas density
and temperature fluctuations.

Acknowledgments: I am grateful to Professor M. S. UBEROI
for suggesting and promoting this work.

Dynamische Theorie der Rontgenstrahl-Interferenzen
an schwach verzerrten Kristallgittern

II. Strahlenoptik von BLocH-Wellen im allgemeinen Fall und im Zweistrahlfall

KyozaBURO KAMBE

Fritz-Haber-Institut der Max-Planck-Geszllschaft, Berlin-Dahlem *

(Z. Naturforsch. 23 a, 25—43 [1968] ; eingegangen am 5. September 1967)

A geometrical-optical approach to the problem of the propagation of X-rays in weakly deformed
crystals is developed in a general form along the lines of the Hamilton-Jakobi theory. It starts
from the eikonal equation, which has been derived from Maxwell’s equations in Part I1 and
arrives at the equations of PENNING and PoLDER3 and Fermat’s principle by Kato 4. The ampli-
tude equation, which has also been derived in Part I, is interpreted by means of the energy-flow

picture, the absorption being taken into account.

Application of the theory to the two-beam case gives an equation of rays, which has a remark-
able resemblance to the relativistic equation of motion of charged particles in an electromagnetic
field. Representation of the lattice distortion by a displacement vector enables one to obtain
equations of rays, phases and amplitudes in a form suited to the practical calculation.

Im ersten Teill dieser Arbeit wurde gezeigt, da3
sich die Fortpflanzung von Réntgen-Strahlen in
schwach verzerrten Kristallgittern durch eine strah-
lenoptische Naherung beschreiben laBt. Durch den
gleichzeitigen Ubergang zu sehr hohen Frequenzen
und sehr kleinen Gitterperioden wurden aus der
Wellengleichung eine Eikonalgleichung und die zu-
gehorige Amplitudengleichung abgeleitet.

Bei Kenntnis der Eikonalgleichung verfigt man
iiber die iiblichen mathematischen Methoden der
geometrischen Optik 2 zur Berechnung von Strahlen,
z. B. die Hamiltonschen kanonischen Gleichungen

* Abteilung Prof. Dr. K. MOLIERE.

1 K. KamBE, Z. Naturforsch. 20a, 770 [1965].

2 M. Borx u. E. Worr, Principles of Optics, Pergamon
Press, London 1959. Kap. 3.

3 [I;9 ]gfl]NNING u. D. PoLDER, Philips Res. Rep. 16, 419

(PExNING und PoLDER3) und das Fermatsche Prin-
zip (Kato4). Die Strahlen werden zunichst als In-
tegrationswege fir die Losung der Eikonal- und
Amplitudengleichung eingefiihrt. Sie haben dariiber
hinaus eine physikalische Bedeutung als Wege der
Fortpflanzung schmaler Wellenbiindel sowie der
Energiestromung. Die Amplitudengleichung kann
als Energieerhaltungsgesetz aufgefal3t werden.
Nachdem die Theorie im Teil A der vorliegenden
Arbeit in allgemeiner Form entwickelt worden ist,
wird sie im Teil B auf den Zweistrahlfall, namlich
den Interferenzfall an einer Netzebene, angewandt.

4 N. Karo, J. Phys. Soc. Japan 18, 1785 [1963]; 19, 67,
971 [1964]. Das Fermatische Prinzip wurde von KaTo
aus den Maxwellschen Gleichungen mit Hilfe von ,,mo-
difizierten Blochschen Funktionen‘* ebenfalls iiber eine
Eikonalgleichung hergeleitet.



